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We develop an analogy between fluids and black holes to study phase transitions in the latter.
The entropy-temperature graph shows the onset of a phase transition without any latent heat. The nature of this continuous (higher order) phase transition is examined in details. We find that the second order derivatives of the free energy diverge at the critical temperature. Also, the transition is smeared instead of sharp, so that the usual Ehrenfest's scheme breaks down. A generalised version of this scheme is formulated which is shown to be consistent with the phase transition curves.
Although black holes are well known thermodynamical systems, they are not well understood. In fact there is no microscopic or statistical description behind their thermodynamical behaviour. Studying phase transition in black holes is very important as it could manifest the underlying micro-structure of black hole thermodynamics. Although there are some investigations [1] , these are more concerned with the geometrical rather than the thermodynamical aspects of phase transition.
In this paper we systematically develop a new approach to study phase transitions in black holes from a thermodynamical viewpoint. To do that we first build an analogy between fluids and black holes that parallels the analogy between between fluids and magnetic systems. From this analogy we then exploit the known results in fluids to infer the corresponding situations in black holes. Following this approach we find that the entropy-temperature graph (as well as the Gibb's energy-temperature graph) of the KerrAdS black hole shows the onset of phase transition without any latent heat. Moreover this transition is smeared round the critical temperature. The details of this continuous (higher order) phase transition are examined by looking at various plots of entropy with specific heat, volume expansion and compressibility. All these plots manifest an infinite divergence at the critical point. Furthermore, the smeared nature of the phase transition gets highlighted.
Due to this smeared transition a direct application of the Gibbsian approach (Ehrenfest's scheme) to exhibit and classify phase transitions fails. We thus develop a generalized Ehrenfest scheme to account for this smearing. We show that such a generalization is compatible with our graphical analysis.
The discovery that black holes are indeed thermodynamical systems is built on a mathematical analogy between laws of black hole mechanics and laws of thermodynamics [2] . For chargeless, rotating black holes the first law of black hole mechanics relates the infinitesimal change in black hole mass (M ) with the infinitesimal changes in its horizon area (A) and angular momentum (J), given by
where κ and Ω are surface gravity and angular velocity at the event horizon, respectively. This is very much analogous to the first law of thermodynamics,
The fact that the internal energy (E) of black holes being represented by its mass (M ), together with Hawking's discovery that black holes have temperature T = κ 2π , set the analogy between (1) and (2), associating an entropy to black holes S = A 4 . Several alternative approaches [3] have been developed which reproduce identical results for black hole temperature and entropy.
We observe that while the first terms in the right hand sides of (1) and (2) set a mathematical analogy between black holes and ideal fluids, it is the second terms which actually establish the physical motivation. It leads to the correspondence P ←→ −Ω and V ←→ J. One can realise the physical importance of this analogy in the following manner. In ideal fluids, both for isothermal and isentropic processes if one increases the pressure its volume shrinks so that the density increases. Thus the P − V plot for fluids has a negative slope. On the other hand the relation between the angular velocity and angular momentum of Kerr-AdS black hole is given by [4, 5] 
We plot the Ω − J graph in figure positive slopes which give a physical credibility to the correspondance,
arXiv : Now we are in a position to use the known tools of thermodynamics to black holes. In order to follow a Gibbsian approach to exhibit and classify black hole phase transitions it is customary to define the Gibb's free energy. Gibb's free energy and temperature of this black hole was calculated earlier in [4, 5] and these are given by
The relevant S − T and G − T plots are shown in fig.2 . The temperature-entropy plot is continuous. Also, there exists a minimum temperature (T c = 0.2574) after which the slope of this curve tends to change its sign very slowly. These features are qualitatively similar to fluids (or magnetic systems) [6] revealing that there is no first order phase transition involving latent heat. Also, the same analogy indicates the onset of a continuous (higher order) phase transition with a critical temperature T c . Contrary to what happens in usual fluids, however, the transition appears smeared instead of being sharp. Similar conclusions are also drawn from the G − T plot. The situation becomes more transparent when, once again following the analogous treatment for fluids, we plot the specific heat at constant angular velocity (C Ω ) (analogue of C P for fluids) with entropy. The expression of C Ω is given by [5] ,
The C Ω −S plot ( figure 3 ) is a concrete evidence of onset of a phase transition. Now if we want to compare this plot with usual higher order phase transition we find one important difference. This is the appearance of a smeared region on either side of the critical point. Let us just briefly discuss how the effects manifested in the curves of fig.2 are concretised in fig.3 , which is quite akin to what happens for fluids, albeit with some crucial difference. First, the smeared nature of the phase transition is prominently displayed.
Second, it is seen that the curvature of the two arms in fig.2 (G − T ) change sign. Since the curvature of G is just the specific heat, we observe the occurence of the phase transition curves in the positive and negative quadrant of the C Ω − S plot seperated by the critical point.
Clearly a Gibbsian approach, which has its root in mean field theory, breaks down in order to analyse this infinitely diverging, smeared phase transition. In the following we make a modification to known Gibbsian approach (Ehrenfest's scheme [7] ), incorporating a smearing effect, to analyse this new phase transition. We shall build our machinary considering a fluid system which undergoes a smeared phase transition and finally using (4) we shall recast relevant quantities for black holes. Now to generalize Ehrenfest's scheme we start from the fact that in a smeared phase transition the values of entropy or volume of two phases at the phase transition point are not exactly same as it should be in a second order phase transition, instead there are small smearing terms (s, v) in the following manner
where the subscripts 1 and 2 denote the values in the two phases. If we characterise the phase transition by the temperature (T ) and pressure (P ) for which (8a) and (8b) hold, at a different phase transition point (characterised by T = T + dT, P = P + dP ) the following equations will be true
From (8a) and (9a) we find
Taking S as a function of T and P we write the infinitesimal change in entropy as dS = 
where,
are, respectively, the volume expansion index and the specific heat at constant pressure. Since (11) is independently true for two phases we write
Now substituting this in (10) we finally get the generalized first Ehrenfest's equation
.
In the absence of any smearing in entropy, the second term on the right hand side is zero and one recovers the first Ehrenfest's equation in its usual form.
Next considering (8b) and (9b) we find
Taking V as a function of T and P , we find,
where ξ is the compressibility
and χ has been defined in (12). Following the previous steps we find the generalized second Ehrenfest's equation
We can expect that in a smeared phase transition, (14) and (19) will be satisfied. In the following part of our paper we shall investigate this in the context of black hole phase transition.
Using (4), (14) and (19) we now propose the following generalized Ehrenfest's equation for the Kerr-AdS black hole,
. (21) In order to check the validity of (20) and (21) we first recall the following equations from [5] 
where F and H are defined as [9] . The physically allowed values for Ω are 0 ≤ Ω ≤ 1, else the Hawking temperature becomes negative [5] . We choose a particular value around the central range (Ω = 0.5) to examine how this generalized scheme works. For this value of Ω the plots of C Ω , χ and ξ (see figures 3 and 4) show a smeared divergence at the critical entropy (S c = 1.208). For these values of Ω and S the critical temperature is found to be T c = 0.2574 from (6) . Now the left hand sides of (20), (21) evaluated by using (22c), (22d) at the critical point (S c = 1.208, T c = 0.2574 for Ω = 0.5) are found to be 12.8027 and 12.7925. To calculate the right hand side we first draw the C Ω − S, χ − S. ξ − S and J − S plots (figures 3,4) using (7), (22a), (22b) and (3), respectively. Let us first consider the smearing independent terms in (20), (21). The respective values of relevant quantities are borrowed from their plots. We choose such points in two phases (say S 1 for phase 1 and S 2 for phase 2) by avoiding the smearing region as in this part values widely change for two neighbouring points. Our prescription of choosing a point is that it should be very close to the critical point and belong to a region where the slope of the curve is vanishingly small. For Ω = 0.5 we take S 1 = 0.653 and S 2 = 1.763. Thus we have a smeared region of width s = S 2 − S 1 = 1.11 (see (8a) ). For this set of values the changes in C Ω , χ, ξ between the two phases are found to be ∆C Ω = 23.80 , ∆χ = 7.72, ∆ξ = 0.90 . The values thus found for the first terms of the right hand side of (20) and (21) are 11.9817 and 8.578 respectively. We now observe that, since the l.h.s. of (20) equals 12.8027, the r.h.s. almost matches. This does not hold for (21). This is reminiscent of recent studies [8] which show that if one neglects the smearing effect for black hole phase transitions then only the first Ehrenfest's equation is satisfied and the second one is violated. Effectively, therefore the smearing terms have a nontrivial contribution only for (21). We now discuss this issue.
In order to obtain the second (smearing depen- dent) terms we first make a small change (5%) in angular velocity and see the behaviour of all the plots. Let us first consider (20). It is clear from all plots that the smearing width suffers no significant change, i.e. s − s ≈ 0. We may neglect this small change as it is further weakend by the denominator of (s−s ) in ( = 2.924. This value when added with the other term (8.578) gives the right hand side of (21) as 11.502. This is in reasonable agreement with the l.h.s. value (12.7925). In order to get a full picture we consider various allowed values of Ω and check the validity of (20) and (21). The results are summarised in a tabular form (see Table- I [10] ). It clearly shows the validity of these new equations for black hole phase transition.
We have discussed a new approach to study phase transitions in black holes that is based on their analogy with fluids. Several features of this analogy played a crucial role. Unlike the liquid to vapour transition, here it is not first order. Rather, according to our analysis this is a smeared continuous (higher order) phase transition. Following a generalized Gibbsian approach we have derived the governing equations for such transitions. These equations were verified for phase transition in Kerr-AdS black hole. Our calculations are robust. We checked this by taking other values of S 1 and S 2 close to those taken here. We feel that the approach discussed here can be pushed further, by exploiting the analogy with fluids, to gain a deeper insight into black hole thermodynamics.
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